In a medium composed of scalar particles with non-zero mass, the range of Van-derWaals-type scalar mediated interactions among nucleons becomes infinite when the medium makes a transition to a Bose-Einstein condensed phase. We explore this phenomenon in an astrophysical context. Namely, we study the effect of a scalar dark matter background on the stability of degenerate stars. In particular we focus on white dwarfs and the changes induced in their mass and in their radius.
Dark matter is one of the outstanding problems in modern cosmology [1] . Evidence for it comes from a multiplicity of sources and distance scales. It is found in the rotation curves of spiral galaxies. It emerges in microlensing and MACHO searches. Evidence for dark matter comes also from cluster velocity dispersion studies. And from weak gravitational lensing.
Existence of dark matter follows as well from matter distribution surveys and the corresponding large scale structure power spectrum. Studies of the cosmic microwave background anisotropies too, show the presence of dark matter. And the list is not complete. The nature and composition of dark matter might be diverse. Indeed, since neutrinos are known to be massive − but not that massive as to constitute the whole of dark matter − at least one new kind of matter is required. It might even be that each different distance scale has its predominant type of dark matter. The nature of this dark matter component or components is an outstanding issue in high energy physics. Several candidates for dark matter have been postulated, including the lightest supersymmetric particle (LSP) or the axion. They might be heavy, like the neutralino or light, like the axion or the neutrino. They might constitute the bulk of dark matter, like WIMPS (weakly interacting massive particles) in CDM (cold dark matter) scenarios or be just a small fraction of it, like neutrinos. Some are hot, e.g. the neutrino, and some should be cold as needed for large scale structure formation. They might be fermionic particles (e.g. neutralinos) or they might be bosons (e.g. axions). Because scalar particles, such as the axion or the Higgs boson, are fundamental ingredients of the standard model (SM) of elementary particle physics and completions thereof, scalars might constitute a natural ingredient to the dark stuff in the universe.
The characteristic feature of dark matter in general is precisely the fact that it only interacts weakly with ordinary matter and therefore manifests itself mainly gravitationally.
So far, evidence of dark matter is indirect. Nevertheless, direct searches that rely on the (feeble) interaction of dark particles such as WIMPS with ordinary matter are under way and there is hope that sufficiently sensitive experiments will eventually lead to positive results.
But there might be other effects of the feeble interactions of dark matter with baryonic matter that show up in other settings. In this paper we explore the consequences of scalar dark matter in the astrophysical environment of compact stellar objects.
Suppose very generally that in a grander unified scheme beyond the SM, new scalar particles carrying a new conserved quantum number Q do exist. If, at some high energy scale, those putative scalars share fundamental interactions with ordinary quarks and with new fields associated to the high energy scale, then, at low energies, the 2-body t-channel-exchange of these scalars will generate feeble residual spin independent forces (i.e. Van der Waals type dispersion forces) [2, 3] among baryons that add coherently over unpolarized bulk matter and extend over distances on the order of the Compton wavelength of the mediating scalars. Furthermore, if the baryonic matter is embedded in a Bose-Einstein condensate composed of these scalars, then the dispersion force becomes infinitely ranged, i.e. it extends over far larger distances than the Compton wavelength. This phenomenon was first discovered in [4] and exploited in [5] in a cosmological setting.
Our starting point is the assumption that galactic dark matter is composed at least in part by (light) scalar particles. We focus our attention in a region where ordinary matter has accreted and evolved into a white dwarf and the condensed scalars have been gravitationally trapped by this stellar matter. So, we start with an ideal boson gas in a gravitational field.
The gas is at a temperature T ≫ m where m is the mass of the scalar. The gas is relativistic.
The statistical mechanics of a free ideal boson gas has been given in [7] . Here, we shall describe the statistical mechanics of Bose-Einstein condensation of a relativistic boson gas in an external field U(x, y, z). For condensation to occur, a non zero chemical potential µ for the gas is mandatory. We assumed before that our scalars carry a conserved quantum number Q.
Particles and antiparticles, i.e. both Q = +1 and Q = −1 scalars, constitute the gas. The net total charge Q is then
with E = p 2 + m 2 +U(x, y, z) where U(x, y, z) ≥ 0 and vanishes at the origin, and β ≡ T −1 .
In the continuum limit Q reads
In a central potential U(r), the case we shall entertain to keep things simple, this can be cast in the following form,
with the density of states
Above a critical temperature T c defined implicitly by the equation
the charge is correctly given by equation (2) . But for T below T c , equation (2) gives only the charge distributed in excited states. For T ≤ T c , a macroscopic fraction of the total charge sits in the ground state and is not included in the above integral. The boson gas is condensed, and the particles in the zero momentum mode constitute the condensate. For an harmonic oscillator potential (i.e. U(r) = αr 2 ), as would be the case of a scalar particle inside a uniform matter distribution, the condensation temperature can be easily calculated to be
up to corrections O(m/T ).
The condensed charge in this case is given by
Although Bose-Einstein condensation is condensation in momentum-space, in the presence of a gravitational field there will be condensation in ordinary space as well, and two separate phases will emerge just as in ordinary gas-liquid condensation. This fact causes the charge Q 0 to accumulate at r = 0. The thermal particles, i.e. those distributed in excited states, bearing a kinetic energy on average large compared to their rest mass will eventually escape from the star. Only the condensate will be trapped at the center. Because all the charge Q 0 sits at r = 0, the density of charge grows to infinity. This is however not realistic since the uncertainty principle prevents both momentum and position of the condensed particles to be simultaneously sharp. In the gravitational field of the star, the condensate will occupy a finite region centered around r = 0 whose size depends on the depth and width of the potential well, and on the mass m of the scalar particles (see below). For a sufficiently small mass, the region might be a considerable fraction of the star's volume. Thus, baryons in this region will be subject to the pull of macroscopic 2-scalar exchange forces on top of the pull of gravity. Let us give a succinct briefing on dispersion forces in a thermal bath of the mediating scalars. The derivation closely follows [4] . Consider two nucleons a distance r apart and at rest relative to the scalar heat reservoir. We describe the effective interaction of nucleons with scalars with the lagrangean
where m N is the nucleon mass and ψ and φ are the nucleon and scalar fields, respectively. It is the simplest low energy realization of the underlying fundamental interactions (see [5] for a discussion). The force between the two nucleons arises in this approximation from the emission at a time by one nucleon and absorbtion by the other of two scalar quanta. We use real time finite temperature field theory to calculate the corresponding Feynman amplitude (see e.g. [6] for an early application of the technique). The Fourier transform of its non-relativistic limit is the potential we seek.
The physical clue to the nontrivial influence of the thermal particles in the background on the force due 2-scalar t-channel exchange is that while one and two real particles cannot be exchanged in the t-channel, the exchange of one real plus one virtual particle in the t-channel is kinematically allowed. In the case at hand, the heat bath supplies the real particle. This mechanism contributes a piece to the potential that reads
Below T c a macroscopic fraction of the charge carried by particles in the reservoir piles up in the zero mode state (the condensate) and the integral over states in equation (8) just as in equations (2) and (3) no longer correctly describe the physical situation. To evaluate the condensate contribution to the potential in the degenerate case (T ≤ T c ) we next establish its relation to Q. Call n ± (p) the following distribution functions,
Then, for T ≤ T c , it holds that
The condensate contribution to the potential is proportional to 1 V dV n + (0). Since U ≥ 0 we see from the previous relation, equation (10) , that this quantity differs from the charge Q 0 in the condensate by less than 2(exp 2βm − 1) −1 . Furthermore, βm ≪ 1, and therefore, as long as the net charge Q is a macroscopically large number many orders of magnitude larger than T /m, the factor 1 V dV n + (0) coincides essentially with the condensate contribution to the charge Q 0 . As a consequence we can write the potential contributed by the zero momentum modes as (the passage from discrete to continuum momentum space, or viceversa, entails the
where q 0 ≡ Q 0 V and the m in the denominator comes from (p 2 + m 2 )
In the specific case at hand, using equations (5) and (6), we find
So for a degenerate scalar background the resulting potential is r −1 , i.e. a potential of infinite range. On the other hand, when the temperature of the background is above T c , the potential is cut off by the typical Yukawa damping factor exp(−2mr) as can be seen from performing the momentum integral in equation (8) .
In a vacuum, the potential takes the form [4]
with K 1 (2mr), the modified Bessel function, whose asymptotic form gives rise to the characteristic exponential damping.
Now that we have the form of the potential associated to the 2-scalar force among nucleons in a scalar heat bath and in vacuum, we turn to our problem, namely the stability of stars whose central core (or even their whole volume) is permeated by a fluid made of scalar particles. To be definite and simple, we shall discuss equilibrium configurations called polytropes,
i.e. with the equation of state of the form P = Kρ Γ .
More specifically, we shall analyze idealized white dwarfs where the Fermi pressure of a degenerate ideal gas of ultrarelativistic electrons supports these stars against collapse (a discussion on ordinary white dwarfs can be found in [8] ). Our aim is to study the effect on stellar equilibrium of the condensation of the dark background particles. The hydrostatic equilibrium in our case is described by the two equations:
for 0 ≤ r ≤ L, and 1
for L ≤ r ≤ R.
In equation (14), χ ≡ Inside a sphere of radius L, the inverse square law forces of gravity and 2-scalar exchange are operative. Outside this sphere only the pull of gravity balances the Fermi pressure.
In the case under scrutiny, Γ = 4 3 and K = (µ e is the mean molecular weight per electron) [8] . By changing variables to dimensionless quantities ξ and θ defined as
and
where the length parameter a ≡ K π(G+χ)ρ and where ρ c is the central density of the star, we can put equations (14) and (15) in the form:
, and 1
The boundary conditions for these equations are θ(0) = 1, and θ ′ (0) = 0 for equation (18) and θ and θ ′ in equation (19) should match θ and θ ′ of equation (18) 
. The radius R of the star is implicitly defined by the condition θ( R a ) = 0. These equations are to be solved numerically and we shall do so below. We shall obtain the radius and the mass of equilibrium configurations as a function of the size of the condensate. Before doing so let us recall that in the ordinary case, i.e. gravity alone at work, one gets, in the polyptropic approximation, the Chandrasekhar limit or maximum possible mass of a white dwarf. In this case the explicit expressions for mass and radius are, respectively
where ξ 1 satisfies θ(ξ 1 ) = 0.
The numerical integration of the corresponding differential equation gives in this case ξ 1 = 6.89685 and ξ 
It will be convenient for our analysis to normalize radii and masses relative to R Ch and M Ch , respectively. Trivially,
where ξ R verifies θ(ξ R ) = 0. As to the mass, it its easy to show starting from M = R 0 What we shall do now is integrate numerically equations (18) and (19). It is sufficient for our purposes to do the numerics for two values of κ, one that corresponds to a scalar potential with constant χ about an order of magnitude stronger than G and the other where χ equals the strength of gravity G. In both cases we let the parameter ξ L vary. The output are the quantities ξ R , θ ′ (ξ R ) and θ ′ (ξ L ), to be introduced in equations (23) and (24). We shall present our results in parametric form
. This parameter grows from 0 to 1. For σ = 0 no macroscopic fraction of the star's volume is occupied by the condensate. For σ = 1, the scalar particles fill the whole star. Our numerical results are displayed in Figure 1 . The two curves in the (
) plane correspond to κ = 1 and κ = 9. Each point on these curves gives the radius and maximum possible mass of a white dwarf when the scalar condensate extends over a region in the stellar interior characterized by the value of the parameter σ on that point of the curve.
What remains to be clarified is whether a sensible macroscopic fraction of the stellar volume can actually be filled by the particles of the condensate. For that purpose let us study the quantum mechanics of a scalar particle occupying the ground state in the gravitational potential well of the star.
First of all we give the form of the potential Φ. For a spherical symmetric mass distribution,
where m(r) is the mass inside r and Φ(0) = Φ ′ (0) = 0. In our case, it can be explicitly cast in terms of the solution θ of equations (18) and (19),
inside the star, i.e. for r ≤ R, while for r ≥ R,
Since we shall deal only with the lowest energy mode, the wavefunction Ψ(r) is purely radial with no orbital part. The radial Schrödinger equation can be put in an equivalent onedimensional form with no centrifugal barrier, if we trade u(r) = rΨ(r) for Ψ(r):
Because of the finiteness of Ψ(r), u(r) should vanish at r = 0. Instead of using the actual Φ(r) (given by equations (26) and (27)), for which we have no analytical expression, we shall introduce in equation (28) 
For 8m 
To get a feeling for how large σ might be let us give a numerical estimate for it: 
where we set roughly δ ∼ R and γ ∼ 4πGa 2 ρ c .
We see that, in the range of parameters relevant for our discussion, a scalar mass m ≥ O(10 −10 eV ) will render any value of σ between 0 and 1. Notice that the range of the 2-scalar force for such scalar masses − if it were not for the condensation phenomenon − would be at most on the order of 1Km. It is only because the dispersion forces become of infinite range that they can coherently extend over a considerable fraction of the star.
Next issue on our agenda is to check whether the chosen values of κ make sense. For this, we use the specific potential in equation (12) 
10
−10 eV m
where the scale for the temperature T c has been set to comply with the requirement m/T ≪ 1 on the one hand and T /m ≪ Q on the other, but is otherwise arbitrary (recall that T < T c ).
It would correspond to a net quantum number Q ∼ O(10 18 ) as can be easily figured out from equation (5) . Using, as we did above, γ ∼ 4πGa 2 ρ c , we realize that g 2 < O(10 −16 ) for the values of κ considered. This is a really small coupling and the effects of this scalar force would go unnoticed by local gravity experiments. Indeed, in the sub-centimeter region, the ratio of the vacuum potential (equation (13); we suppose that in a terrestrial environment, there is no appreciable amount of scalars trapped) to the newtonian potential is
while at large distances, 
No experiment searching for new forces has or will exclude in a foreseeable future such a tiny force [9] .
We conclude with a summary. Two scalar exchange among nucleons produces spin independent Van der Waals type forces. In vacuum their range is about the Compton wavelength of the scalar particles exchanged. But when ordinary matter is embedded in a Bose-Einstein condensate composed of the very same mediating scalars, those forces become infinitely ranged.
The force acts then coherently over macroscopic extensions of bulk matter. The phenomenon arises as a combination of kinematics − 3-momentum exchange of the matter system with the scalar medium − and the collective effect of condensation. The main purpose of the present paper has been to find and study a physical system where this phenomenon of infinite widening of the range could be relevant.
Scalars are fundamental ingredients of the SM of particle physics and completions thereof.
Quite generally, the interactions of new matter with ordinary matter at the postulated new high energy unification scale in those beyond the SM scenarios will render low energy residual effects, however tiny, involving ordinary matter at rest. In particular, the dispersion forces due to the double exchange of scalars just mentioned will show up. These scalars, on the other hand, may constitute a component of dark matter. If this is the case, it might well be that chunks of scalar galactic dark matter in the condensed phase be trapped in stellar media.
As a result, long range scalar forces would affect the stability of those stars. Restricting our analysis to white dwarfs, we have explored the changes induced on their radii and maximal mass − i.e. 
